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Abstract 

Our aim is to formulate and prove a weak form in equal characteristic 
p > of the p-curvature conjecture. We also show the existence of a coun- 
terexample to a strong form of it. 



Introduction 

If (£■, V) is a vector bundle with an algebraic integrable connection over a smooth 
complex variety X, then it is defined over a smooth scheme S over SpecZ[^] 
for some positive integer A'', so (£, V) = (£5, V5) (8)5 C over X = X5 ®5 C for a 
geometric generic point Q(5) C C. Grothendieck-Katz's p-curvature conjecture 
predicts that if for all closed points s of some non-trivial open U C S, the p- 
curvature of (£5, V5) x^i' is zero, then {E,V) is trivialized by a finite etale cover 
of X (see e.g. HAni Conj.3.3.3]). Little is known about it. N. Katz proved it for 
GauB-Manin connections UKaH . for S finite over SpecZ[^](i.e.,ifX can be defined 



over a number field), D. V. Chudnovsky and G. V. Chudnovsky in HCCII proved it 
in the rank 1 case and Y. Andre in HAnH proved it in case the Galois differential 
Lie algebra of (£, V) at the generic point of S is solvable (and for extensions of 



connections satisfying the conjecture). More recently, B. Farb and M. Kisin HFKI 
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proved it for certain locally symmetric varieties X. In general, one is lacking 
methods to think of the problem. 

Y. Andre in HAni II] formulated the following equal characteristic analog of 
the conjecture: if Z — )■ 5 is a smooth morphism of smooth connected varieties de- 
fined over a characteristic field k, then if (£5, V5) is a relative integrable connec- 
tion such that for all closed points s of some non-trivial open U C S, (£5, V5) X55 
is trivialized by a finite etale cover of X X5 5, then (£, V) \xf^ should be trivialized 
by a finite etale cover, where f) is a geometric generic point and Xfi — X Xsf) ■ So 
the characteristic analogy to integrable connections is simply integrable con- 
nections, and to the p-curvature condition is the trivialization of the connection 
by a finite etale cover. He proved it HAnl Prop. 7.1.1], using Jordan's theorem and 
Simpson's moduli of fiat connections. 

It is tempting to formulate an equal characteristic p > analog of Y. Andre's 
theorem. A main feature of integrable connections over a field k of characteristic 
is that they form an abelian, rigid, fc- linear tensor category. In characteristic p>0, 
the category of bundles with an integrable connection is only -linear, where 
X^^'^ is the relative Frobenius twist of X, and the notion is too weak. On the other 
hand, in characteristic 0, the category of bundles with a flat connection is the same 
as the category of ^x-coherent ^x-modules. In characteristic p>0, ^x-coherent 
^x -modules over a smooth variety X defined over a field k form an abelian, rigid, 
^-linear tensor category (see llGil ). It is equivalent to the category of stratified 
bundles. It bares strong analogies with the category of bundles with an integrable 
connection in characteristic 0. For example, if X is projective smooth over an 
algebraically closed field, the triviality of the etale fundamental group forces all 
such ^x -coherent ^x-modules to be trivial ( HEMII ). 

So we raise the question 1: let / : X — )• 5 be a smooth projective morphism 
of smooth connected varieties, defined over an algebraically closed characteristic 
p > field, let (£■, V) be a stratified bundle relative to S, such that for all closed 
point s of some non-trivial open U C S, the stratified bundle (£, V) \x, is trivialized 
by a finite etale cover of Xs := X s. Is it the case that the stratified bundle 
(£■, V) \xfi is trivialized by a finite etale cover of Xj^?. 

In this form, this is not true. Y. Laszlo IlLslI constructed a one dimensional 
non-trivial family of bundles over a curve over F2 which is fixed by the square of 
Frobenius, as a (negative) answer to a question of J. de Jong concerning the behav- 
ior of representations of the etale fundamental group over a finite field F^^, q = p", 
with values in GL(r, F((?))), where F D F2 is a finite extension. In fact, Laszlo's 
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example yields also a counter-example to the question as stated above. We ex- 
plain this in Sections [H and |4] (see Corollary 14 .3 1 ). We remark that if £ is a bundle 
on X, such that the bundle E\x, is stable, numerically flat (see Definition 13.21) 
and moves in the moduli, then Efj cannot be trivialized by a finite etale cover 
(see Proposition 14.21) . In contrast, we show that if the family X — )■ 5 is trivial 
(as it is in Laszlo's example), thus X = Y Xj^S, if k is algebraically closed, and 
if {Fy X identity^) *(£■) I yxj-i — E\yxi^s for all closed points s of some non-trivial 
open in S and some fixed natural number n, then the moduli points of ^lyx^i are 
constant (see Proposition 14.41) . Here Fy . Y Y is the absolute Frobenius of Y. 
In Laszlo's example, one does have {Fy x identity^) *(£')|rx^i' = E\yxi,s but only 
over k = ¥2 (i.e., S is also defined over F2). When one extends the family to the 
algebraic closure of F2, to go from the absolute Frobenius over F2, that is the 
relative Frobenius over k, to the absolute one, one needs to replace the power 2 
with a higher power n{s), which depends on the field of definition of s, and is not 
bounded. 

So we modify question 1 in question 2: let / : X — )• 5 be a smooth projective 
morphism of smooth connected varieties, defined over an algebraically closed 
characteristic field k of characteristic p > 0, let £ be a bundle such that for all 
closed points s of some non-trivial open U C S, the bundle ^Ix, is trivialized by a 
finite Galois etale cover of Xs : = X x s s of order prime to p. Is it the case that the 
bundle ^Ixij is trivialized by a finite etale cover of Xfjl. 

The answer is nearly yes: it is the case if k is not algebraic over its prime field 
(Theorem 15. 11 2)). lfk = ¥p, it might be wrong (Remarks 15. 41 2). but what remains 
true is that there exists a finite etale cover of Xjj over which the pull-back of E is 
a direct sum of line bundles (Theorem 15 .11 1)). The idea of the proof is borrowed 
from the proof of Y. Andre's theorem HAnl Thm 7.2.2]. The assumption on the 
degrees of the Galois covers of X^ trivializing E\x^ is necessary (as follows from 
Laszlo's example) and it allows us to apply Brauer-Feit's theorem HBFi Theorem] 
in place of Jordan's theorem used by Andre. However, there is no direct substitute 
for Simpson's moduli spaces of flat bundles. Instead, we use the moduli spaces 
constructed in ULalB and we carefully analyze subloci containing the points of 
interest, that is the numerically flat bundles. The necessary material needed on 
moduli is gathered in Section [3l 

Finally we raise the general question 3: let / : X — )■ 5 be a smooth projec- 
tive morphism of smooth connected varieties, defined over an algebraically closed 
characteristic p > field, let (£, V) be a stratified bundle relative to S, such that 
for all closed points s of some non-trivial open U C S, the bundle E\x, is trivial- 
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ized by a finite Galois etale cover of : = X x^^ of order prime to p. Is it the 
case that the bundle ^Ixfj is trivialized by a finite etale cover of Xj^?. 

We give the following not quite complete answer. If the rank of £ is 1, (in 
which case the assumption on the degrees of the Galois covers is automatically ful- 
filled), then the answer is yes provided S is projective, and for any s eU, Pic ^(Z^) 
is reduced (see Theorem 17 .11) . The proof relies on (a variant of) an idea of M. Ray- 
naud URaL using the height function associated to a symmetric line bundle (that is 
the reason for our assumption on 5) on the abelian scheme and its dual, to show 
that an infinite Verschiebung-divisible point has height equal to (Theorem 16.21 ) 
. If E has any rank, then the answer is yes if k is not Fp (Theorem 17.21 2)). In 
general, there is a prime to p-order Galois cover of Xf^ such that the pull-back of 
E becomes a sum of stratified line bundles (Theorem 17. 21 D). 

Acknowledgements: The first author thanks Michel Raynaud for the fruitful 
discussions in November 2009, which are reflected in URaB and in Section [6l The 
first author thanks Johan de Jong for a beautiful discussion in November 2010 on 
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that Laszlo's example should contradict this, and that this should be better under- 
stood. The second author would like to thank Stefan Schroer for destroying his 
naive hopes concerning Neron models of Frobenius twists of an abelian variety. 
We thank Damian Rossler for discussions on /^-torsion on abelian schemes over 
functions fields. We thank the referee of a first version of the article. He/she ex- 
plained to us that the dichotomy in Theorem 15. II 2) and in Theorem 17. 21 2) should 
be Fp or not rather that countable or not, thereby improving our result. 



1 Preliminaries on relative stratified sheaves 

Let 5 be a scheme of characteristic p (i.e., is an F^-algebra). By : 5 — t- 5 we 
denote the r-th absolute Frobenius morphism of S which corresponds to the p' -th 
power mapping on iffs- 

(r) 

If X is an 5-scheme, we denote by X^ the fiber product of X and S over the 
r-th Frobenius morphism of S. If it is clear with respect to which structure X is 
considered, we simplify the notation to X^''\ Then the r-th absolute Frobenius 
morphism of X induces the relative Frobenius morphism F!, : X ^ X^^\ In 
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particular, we have the following commutative diagram: 




which defines W^/^ : x(') ^ X. 

Making r = 1 and replacing X by X^'\ this induces the similar diagram 




We assume that X/S h smooth. A relative stratified sheaf on X/5 is a se- 
quence {£■;-, C7,}/£N of locally free coherent ^^(,)-modules Ei on X^'^ and isomor- 
phisms Oi : F*^iy^Ei^i — )■ Ei of ^^(,) -modules. A morphism of relative stratified 

sheaves {a,} : {Ei, Oi} — )■ {£■-, a/} is a sequence of ^^(,)-linear maps a,- : £■,- — )■ E- 
compatible with the a,, that is such that a/ o F^(,)^^a,_|_i = a, o a,-. 

This forms a category Strat(X/5), which is contravariant for morphisms (p : 
r ^ 5: to {Ei, Oi} e Start(X/5) one assigns C7,} e Strat(X xsT/T) in the 

obvious way: 9 induces 1^(,) x 9 :X(') X^'^ and (9*{£',, <7,})/ = {{Ixi') ^ 

(p)*£„(l^(,)X(p)*(a,)}. 

If 5 = Spec k where is a field, Strat(X / k) is an abelian, rigid, tensor category. 
Giving a rational point x E X{k) defines a fiber functor via cOx : Strat(X/fc) — 
Vec,t7 ({£■,•, C7,}) = {Eo)\x in the category of finite dimensional vector spaces 
over k, thus a fc-group scheme 7t{Strat{X /k),(Ox) = Aut'^{cOx). Tannaka dual- 
ity implies that Strat(X/^) is equivalent via cOx to the representation category of 
;r(Strat(X/fc), OJx) with values in Vec^t- For any object E := {Ei, a,} G Strat(X/fc), 
we define its monodromy group to be the /:-affine group scheme ;r( (E) , cOx) , where 
(E) C Strat(Z//:) is the full subcategory spanned by E. This is the image of 
n{Strat{X/k),(Ox) in GL{(Ox(E)) ( llDMl Proposition 2.21 a)]). We denote by 
Ix/k e Strat(X/fc) the trivial object, with E' = ^^(,) and a,- = Identity. 
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Lemma 1.1. With the notation above 

1) If h : Y X is a finite etale cover such that /z*E is trivial, then hjiy j]^ 
has finite monodromy group and one has a faithfully fiat homomorphism 
n{{hjLYik), (Ox) — !■ ;r((E), 0);^). Thus in particular, E has finite monodromy 
group as well. 

2) IfK G Strat(X//:) has finite monodromy group, then there exists a 7r((E), cOx)- 
torsor h : Y X such that /z*E is trivial in Strat(F/^). Moreover, one has 

an isomorphism 7t{{h^lY/k), (Ox) ^ 7t { (K) ,COx). 

Proof. We first prove 2). Assume 7r{{K)^(0x) =: G is a finite group scheme over 
k. One applies Nori's method UNoi Chapter I, II]: the regular representation of G 
on the affine fc-algebra k[G] of regular function defines the Artin /:-algebra k[G] 
as a fc-algebra object of the representation category of G on finite dimensional k- 
vector spaces, (such that k C k[G] is the maximal trivial subobject). Thus by Tan- 
naka duality, there is an object A = (A', t,) G Strat(X / k) , which is an //t'^lg^bra 
object, (such that Ix//t C A is the maximal trivial subobject). We define hi : Yi = 
Spec^(,) A' ^X^'\ Then the isomorphism T/ yields an ^^(,) -isomorphism between 

fW -^x(') and Yj % X^'\ (see, e.g., IISGASi Expose XV, § 1, Proposition 2]), 
and via this isomorphism, A is isomorphic to h^Iy j^. On the other hand, cOx(IE) is a 
sub G-representation of k[G\®"- for some n G N, thus E C A®" in Strat(X/A:), thus 
there is an inclusion E C (/ijy/^)®" in Strat(X/fc), thus /z*E C Jy/^)®" in 
Strat(y/fc). Since is isomorphic to ©iength^.fc[G]^K//t Strat(y/fc) (recall 

that by lldSl Proposition 13], G is an etale group scheme), then /z*E is isomorphic 
to ©, Iy where r is the rank of E. This shows the first part of the statement, 
and shows the second part as well: indeed, E is then a subobject of ®rK\ik, 
thus (E) C {hjiy /k) is ^ full subcategory. One applies UDMl Proposition 2.21 a)] 
to show that the induced homomorphism ;r((/z*Iy/^), co^) — > ^((IE),ft)x) = G is 
faithfully flat. So 7r((/z*Iy/^), £0x) acts on (Ux(/z*Ik) = k[G] via its quotient G and 
the regular representation G C GL{k[G\). Thus the homomorphism is an isomor- 
phism. 

We show 1). Assume that there is a finite etale cover h :Y X such that 
/i*E is isomorphic in Strat(y//:) to ©riy/yt where r is the rank of E. Then E C 
©Aly/yt' thus n{{hjLyi],),(Ox) -)■ ;r((E),(0j is faithfully flat flPMl loc. cit], so 
we are reduced to showing that {h^Iy /j^) has finite monodromy. But, by the same 
argument as on E, any of its objects of rank / lies in ©//z*Iy /k. So we apply UDMl 
Proposition 2.20 a)] to conclude that the monodromy of h^Iy is finite. □ 
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Corollary 1.2. With the notations as in \l.l\ ifK G Strat(X/fc) has finite mon- 
odromy group, then for any field extension K D k, E®^ G Strat(X ®K/K) has 
finite monodromy group. 

Let E be an -module. We say that E has a stratification relative to S if there 
exists a relative stratified sheaf {Ej, a,} such that Eq = E. 

Let us consider the special case S = Speck, where k is a perfect field, and 
X/k is smooth. An (absolute) stratified sheaf on X is a sequence {£■/, a/},gN 
of coherent ^x-modules Ei on X and isomorphisms a, : F^Ei^\ — )• Ei of ffx- 
modules. 

As k is perfect, the W^(i) are isomorphisms, thus giving an absolute stratified 
sheaf is equivalent to giving a stratified sheaf relative to Specfc. 

We now go back to the general case and we assume that S is an integral k- 
scheme, where ^ is a field. Let us set K = k{S) and let rj : Spec^ — )■ 5 be the 
generic point of S. Let us fix an algebraic closure K of K and let fj be the corre- 
sponding generic geometric point of S. 

By contravariance, a relative stratified sheaf {£■/, a,} on X/S restricts to a 
relative stratified sheaf {Ei,Oi}\xs in fibers X^ for s a point of S. We are inter- 
ested in the relation between {Ei,Oi}\xf^ and {£■,-, a,} for closed points 5 G |S|. 
More precisely, we want to understand under which assumptions the finiteness 
of {{Ei, (Ji}\xs) for all closed points s G |5| implies the finiteness of {{Ei, (Jijlxf^). 
Recall that finiteness of E C Strat(Xv) means that all objects of (E) are subquo- 
tients in Strat(Xi) of direct sums of a single object, which is equivalent to saying 
that after the choice of a rational point, the monodromy group of E is finite ( UDMi 
Proposition 2.20 (a)]). 

Let X be a smooth variety defined over ¥q with q = p^ . For all n G N \ {0}, 
one has the commutative diagram 




(1) 



>SpecF^ 



which allows us to identify X^"^^ with X (as an F^-scheme). 

Let S be an F^ connected scheme, with field of constants k, i.e. k is the normal 
closure of F^ in H^{S, ^x)- We define Xs := X x^^^ S. 
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Proposition 1.3. Let E be a vector bundle on Xg. Assume that there exists a 
positive integer n such that we have an isomorphism 

T:((F'-XF,id5r)*£^£. (2) 
Then E has a natural stratification E^; = {£■,■, a,}, Eq = E relative to S. 
Proof. We define 

^- = (W"/F,XF,id5)*^- (3) 
Then we use the factorization 




SpecFg 



(4) 



of and we define 



Enr-l = (Fxim-l) /^^ Xf^ idsYErn, ...,Ei = Xp^ id5')*£'2 (5) 

with identity isomorphisms C7„^ i,...,cri. Then we use the isomorphism T to 
define 



ao:E^{Fx/Wgy<¥,idsyEi 



(6) 



Assume we constructed the bundles Ei on X^'' for all i < arn for some integer 
a > 1. 

We now replace the diagram by the diagram 



x(arn) 




W 



(7) 



SpecF^— — >SpecF^ 



We then define 



(8) 



(which is equal to E under identification of X^""^' with X). Then we use the 
factorization 



X^ 




(9) 



SpecFg 



E{a+\)rn-\ — ('^x((''+i)™-i)/F,^ ^F.^ id5)*£'(a+l) 



with identity isomorphisms C7(a+i)n,— b • • • i Carn+i • Then we again use T to define 

(11) 



XwidsYEarn+l (10) 



^arn ■ '-'am — ^ X("''") /¥q' <^>'"+^' 



The above construction and [[GH Proposition 1.7] imply 



□ 



Proposition 1.4. Assume in addition to (El) thatX is proper and ¥g C k C fq. 
Fix a rational point x G Xs(k). Then for any closed point s e |5|, the Tannaka 
group scheme ;r(E-;:^, (0^g,^^(^-)) ofE-c^ := 'Kt:\x, over the residue field k{s) of s is 
finite. 

Proof. The bundle E is base changed of a bundle E'^ defined over X Xf^^ Sq for 
some form Sq of S defined over a finite extension of such that x is base 
change of an F^n -rational point xq of X x-^^Sq. We can also assume that T comes 
by base change from Tq '■ {{F^ ^F^ id5„)")*£''^ — E^. Proposition II .31 yields then 
a relative stratification E^^ = of) of E'^ defined over F^o, with Ei = Ef ®]Fa 
k. A closed point s of S = Sq (8)f^ k is a base change of some closed point sq 
of Sq of degree b say over F^a. By Corollary 11.21 we just have to show that 



;r(E( 



To, 



^0' 



, (0 



'xo®F 



„k{sQ)) is finite. So we assume that k = F^a, S = So, s = sq. 
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The underling bundles of and E^'" are by construction all isomorphic for 
m = ab. Thus by llGil Proposition 1.7], Et ~ E-r'" in Strat(X/fc). But this implies 
that ^(EtJ = Ex-^. Thus E is algebraically trivializable on the Lang torsor 

/z : y — i> X Xf^a ^q"' and the bundles Ei are trivializable on 7 x^xp ^,f,^hi ^^'^ = 

y*^')/F^m. Thus the stratified bundle /z*Ei: on Y relative to F^m is trivial. We apply 
Lemma [TTI to finish the proof. □ 



2 Etale trivializable bundles 

Let X be a smooth projective variety over an algebraically closed field k. Let 
Fx :X ^ Xhe the absolute Frobenius morphism. 

A locally free sheaf on X is called etale trivializable if there exists a finite etale 
covering of X on which E becomes trivial. 

Note that if E is etale trivializable then it is numerically flat (see Definition l3.2l 
and the subsequent discussion). In particular, stability and semistability for such 
bundles are independent of a polarization (and Gieseker and slope stability and 
semistability are equivalent). More precisely, such E is stable if and only if it 
does not contain any locally free subsheaves of smaller rank and degree (with 
respect to some or equivalently to any polarization). 

Proposition 2. 1 . (see ULStll ) If there exists a positive integer n such that {F^)*E ~ 
E then E is etale trivializable. Moreover, ifk = ¥p then E is etale trivializable if 
and only if there exists a positive integer n and an isomorphism {F^)*E ~ E. 

Proposition 2.2. (see HBDII ) If there exists a finite degree d etale Galois cover- 
ing f:Y^X such that f*E is trivial and E is stable, then one has an isomorphism 
a : {F^yE ~ E. 

As a corollary we see that a line bundle on X/fc is etale trivializable if and 
only if it is torsion of order prime to p. One implication follows from the above 
proposition. The other one follows from the fact that {F^)*L ~ L is equivalent to 
^ ^Qj. integer n prime to p we can find d such that — 1 is 

divisible by n. 

We recall that if £ is any vector bundle on X such that there isaJGN\{0} and 
an isomorphism a : {F^)*{E) = E, then E carries an absolute stratified structure 
Ece, i.e. a stratified structure relative to Fp by the procedure of Proposition 1 1.3[ 
On the other hand, any stratified stratified structure {Ei, Oj} relative to F^ induces 
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in an obvious way a stratified structure relative to k: the absolute Frobenius : 
X^X factors through W^^j^ : -> X, so is the relative 

stratified structure, denoted by 'E.^^/j^. Proposition |2]2] together with Lemma [1711 2') 
show 

Corollary 2.3. Under the assumptions of Proposition \2?2\ we can take d = 
lengt\k[7t{{Ea/k):C0^)]- 

Let us also recall that there exist examples of etale trivializable bundles such 
that {F^)*E 9^ E for every positive integer n (see Laszlo's example in HBDH ). 

Proposition 2.4. (Deligne; see [|Lsl 3.2]) Let X be an Fpn-scheme. If G is a 
connected linear algebraic group defined over a finite field Fp" then the embed- 
ding G(Fp«) 7- G induces an equivalence of categories between the category of 
G{¥pn)-torsors on X and G-torsors P over X with an isomorphism {F^)*P ~ P. 

In particular, if G is a connected reductive algebraic group defined over an 
algebraically closed field k and P is a principal G-bundle onX/k such that there 
exists an isomorphism {F^)*P ^ P for some natural number n > 0, then there 
exists a Galois etale cover / : 7 — )■ X with Galois group G(Fp«) such that f*P 
is trivial. Indeed, every reductive group has a Z-form so we can use the above 
proposition. 

3 Preliminaries on relative moduli spaces of sheaves 

Let 5 be a scheme of finite type over a universally Japanese ring R. Let f -.X S 
be a projective morphism of 7?-schemes of finite type with geometrically con- 
nected fibers and let i^x(l) be an /-very ample line bundle. 

A family of pure Gieseker semistable sheaves on the fibres of Xj =X XgT ^ 
r is a T-flat coherent i^^r -module E such that for every geometric point t of T 
the restriction of E to the fibre Xt is pure (i.e., all its associated points have the 
same dimension) and Gieseker semistable (which is semistability with respect to 
the growth of the Hilbert polynomial of subsheaves defined by ^x{^) (see UHLl 
1.2]). We introduce an equivalence relation ~ on such families in the following 
way. £■ ~ if and only if there exist filtrations = Eq C Ei C ... C Em — E and 
= Eq C E[ C ... C E',„ = E' hy coherent -modules such that ©^QE'i/E,^! is 
a family of pure Gieseker semistable sheaves on the fibres of Xt and there exists 
an invertible sheaf L on T such that ®'Jl^E'j/El_i ~ {®'ll^Ei/Ei^i) ®ff^ L. 
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Let us define the moduli functor 



Jip^XjS) : {Sch/ sy Sets 



from the category of locally noetherian schemes over S to the category of sets by 



Then we have the following theorem (see ULali Theorem 0.2]). 

Theorem 3.1. Let us fix a polynomial P. Then there exists a projective S-scheme 
Mp{X/S) of finite type over S and a natural transformation of functors 



which uniformly corepresents the functor ^p{X/S). For every geometric point 
s E S the induced map 0{s) is a bijection. Moreover, there is an open scheme 
M^^^(P) C Mp(X /S) that universally corepresents the subfunctor of families of 
geometrically Gieseker stable sheaves. 

Let us recall that Mp{X/S) uniformly corepresents ^p{X/S) means that for 
every flat base change T — )■ 5 the fiber product Mp{X/S) xsT corepresents the 
fiber product functor Hom5(-, T) Xiioms{-,S) -^piX/S). For the notion of corep- 
resentability, we refer to UHLi Definition 2.2.1]. In general, for every 5-scheme 
T we have a well defined morphism Mp{X/S) X5 r — Mp{Xt/T) which for a 
geometric point T = Speck{s) — t- 5 is bijection on points. 

The moduli space Mp{X/S) in general depends on the choice of polarization 



Definition 3.2. Let ^ be a field and let F be a projective fc-variety. A coherent 
^y-module E is called numerically fiat, if it is locally free and both E and its dual 
E* = J^fom{E, are numerically effective on 7 ® ^, where k is an algebraic 
closure of k. 

Assume that Y is smooth. Then a numerically flat sheaf is strongly slope 
semistable of degree with respect to any polarization (see IILa2l Proposition 
5.1]). But such a sheaf has a filtration with quotients which are numerically 
flat and slope stable (see [|La2[ Theorem 4.1]). Let us recall that a slope stable 




~ equivalence classes of families of pure Gieseker 
semistable sheaves on the fibres of T X5X — T, 
which have Hilbert polynomial P. 




9 : ^p{X/S) Hom5(-,Mp(X/5)), 
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sheaf is Gieseker stable and any extension of Gieseker semistable sheaves with 
the same Hilbert polynomial is Gieseker semistable. Thus a numerically flat sheaf 
is Gieseker semistable with respect to any polarization. 

Let P be the Hilbert polynomial of the trivial sheaf of rank r. In case 5 is a 
spectrum of a field we write Mx{r) to denote the subscheme of the moduli space 
Mp{X/k) corresponding to locally free sheaves. For a smooth projective mor- 
phism X — !■ 5 we also define the moduli subscheme M{X/S, r) — S of the relative 
moduli space Mp{X /5) as a union of connected components which contains points 
corresponding to numerically flat sheaves of rank r. Note that in positive charac- 
teristic numerical flatness is not an open condition. More precisely, on a smooth 
projective variety Y with an ample divisor if , a locally free sheaf with numerically 
trivial Chern classes, that is with Chern classes Cj in the Chow group of codimen- 
sion i cycles intersecting trivially H^^"^^^^^' for all i > 1, is numerically flat if and 
only if it is strongly slope semistable (see [|La2[ Proposition 5.1]). 

By definition for every family E of pure Gieseker semistable sheaves on the 
fibres of Xt we have a well defined morphism q)E = {[E]) : T ^ Mp (X/S), which 
we call a classifying morphism. 

Proposition 3.3. Let X be a smooth projective variety defined over an alge- 
braically closed field k of positive characteristic. Let S be a k-variety and let E 
be a rank r locally free sheaf on X Xj^S such that for every s G S{k) the restriction 
Es is Gieseker semistable with numerically trivial Chern classes. Assume that the 
classifying morphism (p^ : 5 — )■ Mx{r) is constant and for a dense subset S' C S{k) 
the bundle Es is etale trivializable for s G S'. Then Efj is etale trivializable. 

Proof. If Es is stable for some ^-point s E S then there exists an open neighbour- 
hood U of (Pe{s), a finite etale morphism U' ^ U and a locally free sheaf on 
X xi^U' such that the pull backs of E and ^ to X Xi^{(pj^^{U) Xu U') are isomor- 
phic (this is called existence of a universal bundle on the moduli space in the etale 
topology). But (Pe{S) is a point, so this proves that there exists a vector bundle 
on X such that E is its pull back by the projection X x^S ^ X. In this case the 
assertion is obvious. 

Now let us assume that E^ is not stable for all s G S{k) .\fO = Eq(ZE\ C ... C 
E^ — Es hdi. Jordan-Holder filtration (in the category of slope semistable torsion 
free sheaves), then by assumption the isomorphism classes of semi- simplifications 
(B"LiEj / E'-_^ do not depend on G S{k). Let (ri, ...,rm) denote the sequence of 
ranks of the components Ef /Ef_^ for some s G S{k). Since there is only finitely 
many such sequences (they differ only by permutation), we choose some permu- 
tation that appears for a dense subset S" C S'. 
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Now let us consider the scheme of relative flags / : Flag (E/S; Pi, — ^ S, 
where Pi is the Hilbert polynomial of By our assumption the image of / 
contains S". Therefore by Chevalley's theorem it contains an open subscheme U 
of S. Let us recall that the scheme of relative flags F\ag{E\xxi,u /U;Pi, ...,Pm) — > 
U is projective. In particular, using Bertini's theorem (k is algebraically closed) we 
can find a generically finite morphism W ^ U factoring through this flag scheme. 
Let us consider pull back of the universal filtration — Fq C Fi C ... C F,„ = E\y 
toX XkW. Note that the quotients F' = F//F/_i are V7-flat and by shrinking W we 
can assume that they are families of Gieseker stable locally free sheaves (since by 
assumption F^ is Gieseker stable and locally free for some points s G W{k) DS'). 
This and the first part of the proof implies that Eff has a filtration by subbundles 
such that the associated graded sheaf is etale trivializable. By Lemma [5^ this 
implies that Efj is etale trivializable. □ 



4 Laszlo's example 

Let us describe Laszlo's example of a line in the moduli space of bundles on a 
curve fixed by the second Verschiebung morphism (see jLsl Section 3]). 

Let us consider a smooth projective genus 2 curve X over F2 with affine equa- 
tion 

y^+x{x+ l)y =x^ +x. 

In this case the moduli space Mx(2, ^x) of rank 2 vector bundles on X with trivial 
determinant is an F2-scheme isomorphic to P-^. The pull back of bundles by the 
relative Frobenius morphism defines the Verschiebung map 

V : M;,(i)(2, ^^(1,) ^ P3 ^^^2, ffx) ^ 

which in appropriate coordinates can be described as 

[a: b : c : d] — > [a^ + b'^ + + d'^ : ab + cd : ac + bd : ad + be]. 

The restriction of V to the line A given hy b = c = d is an involution and it 
can be described as [a : b] ^ [a + b : b]. 

Using a universal bundle on the moduli space (which exists locally in the etale 
topology around points corresponding to stable bundles) and taking a finite cov- 
ering 5 — 7- A we obtain the following theorem: 
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Theorem 4.1. ( IlLsl Corollary 3.2]) There exist a smooth quasi-projective curve 
S defined over some finite extension of ¥2 and a locally free sheaf E of rank 2 on 
X X S such that {F^ x id5)*£' ^ E, detE ~ ^xxs f^^d. the classifying morphism 
q)E '■ S ^ Mx{2, Gx) is not constant. Moreover, one can choose S so that Es is 
stable for every closed point s in S. 

Now note that the map (Fx)* : Mx{2, Gx) --^ ^^(2, Gx) defined by pulling 
back bundles by the absolute Frobenius morphism can be described on A as [a : 
h\ —J- \a^ -\-b^ : b^]. In particular, the map {F^"'Y\i^ is described as [a : b] ^ 
[a^",b^"]. It follows that if a stable bundle E corresponds to a modular point 
of A(F^)\A(F^"i) (or, equivalently, E is defined over F2«) then {F^")*E ^ E and 
{F^')*E^E for 0<m<2n. 

This implies that for k = ¥2 and for every s E S{k), the bundle E^ which is the 
restriction to X X]p, 5 of the bundle E from Theorem 14. 11 is etale trivializable. 

Let X,S be varieties defined over an algebraically closed field k of positive 
characteristic. Assume that X is projective. Let us set K — k{S). Let f] be a 
generic geometric point of S. 

Proposition 4.2. Let E be a bundle onXs = Xxj^S^S which is numerically 
flat on the closed flbres ofXg = X Xj^S ^ S. Assume that for some s E S the bundle 
Es is stable and the classifying morphism (p^ : 5 — Mx {r) is not constant. Then 
Efj = E\xf^ is not etale trivializable. 

Proof. Assume that there exists a finite etale cover n' :Y' X-q such that {7r')*Efj - 

Gyi- As k is algebraically closed, one has the base change KyiX) — > for 
the etale fundamental group ( HSGAll Exp. X, Cor. 1.8]), so there exists a finite 
etale cover % -.Y —^X such that %' — %®K. Hence there exists a finite mor- 
phism T over some open subset U of S, such that Kj{Et) is trivial where 
Kt = K xj^ idj : Y x^T ^ X x^T and Ej =pull back hy X Xj^T ^ X xj^U of 
E\xxkU- 

So for any ^-rational point t eT , one has K*Et C where r is the rank of E. 
Hence Et C n^n*Et C 7r*^y, i.e., all the bundles Ej lie in one fixed bundle K^ffy. 
Since n is etale, the diagram 



Y-^Y 



X-^X 
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is cartesian (see, e.g., [|SGA5[ Exp. XIV, §1, Prop. 2]). Since X is smooth. Fx is 
flat. By flat base change we have isomorphisms F^{K^ffY) — Tt^iFy^y) ~ h^Gy- 
In particular, this implies that n^fGy is strongly semistable of degree 0. Therefore 
if Et is stable then it appears as one of the factors in a Jordan-Holder filtration of 
ti^Gy- Since the direct sum of factors in a Jordan-Holder filtration of a semistable 
sheaf does not depend on the choice of the filtration, there are only finitely many 
possibilities for the isomorphism classes of stable sheaves for t G 

It follows that vs\lJ d S there is an infinite sequence of ^-rational points si 
with the property that Es^ is stable (since stability is an open property) and E^^ = 
Esi^^. This contradicts our assumption that the classifying morphism (p^ is not 
constant. □ 



Corollary 4.3. There exist smooth curves X and S defined over an algebraic 
closure k of ¥2 such that X is projective and there exists a locally free sheaf E on 
X Xj^S ^ S such that for every s G S{k), the bundle Es is etale trivializable but 
Efj is not etale trivializable. Moreover, on E there exists a structure of a relatively 
stratified sheaf E, such that for every s G S{k), the bundle Ks has finite monodromy 
but the monodromy group o/Efj is infinite. 

The second part of the corollary follows from Proposition 11.31 The above 
corollary should be compared to the following fact: 

Proposition 4.4. Let X be a projective variety defined over an algebraically 
closed field k of positive characteristic. Let S be a k-variety and let E be a rank r 
locally free sheaf on X Xj^S. Assume that there exists a positive integer n such that 
for every s G S{k) we have {F^)*Es ^ E^, where Fx denotes the absolute Frobenius 
morphism. Then the classifying morphism (pE '■ S ^ Mx{r) is constant and Ef^ is 
etale trivializable. 

Proof. By Proposition 12. 1[ if {F^)*Es ~ E^ then there exists a finite etale Galois 
cover Tls : Ys X with Galois group G = GL^(Fp«) such that n*Es is trivial (in 
this case it is essentially due to Lange and Stuhler; see ULStll ). This implies that 
£, C (;r,)*<£, ~ ((7r,)*^r)®'' and hence gr_/^£, C (gry^(;r/),^y)®'\ 

Since X is proper, the etale fundamental group of X is topologically finitely 
generated and hence there exists only finitely many finite etale coverings of X of 
fixed degree (up to an isomorphism). This theorem is known as the Lang-Serre 
theorem (see ULSi Theoreme 4]). Let y be the set of all Galois coverings of X 
with Galois group G. Then for every closed fc-point s of S the semi- simplification 
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of Es is contained in (gr^^ a^ffy)®^ for some a E y. Therefore there are only 
finitely many possibilities for images of /:-points s in Mx {r) . Since S is connected, 
it follows that (pE '■ S ^ Mx{r) is constant. 

The remaining part of the proposition follows from Proposition 13 .Si 

□ 

Note that by Proposition 14.21 together with Corollary 12.31 the monodromy 
groups of Es in Theorem 14.11 for s G S{k) are not uniformly bounded. In fact, 
only if is an algebraic closure of a finite field do we know that the monodromy 
groups of are finite because then Es can be defined over some finite subfield of k 
and the isomorphism {F^)*Es ^ Es implies that for some n we have {F^)*Es — Es 
(see the paragraph following Theorem 14. II ). 

Moreover, the above proposition shows that in Theorem 14.11 we cannot hope 
to replace F with the absolute Frobenius morphism Fx. 

5 Analogue of the Grothendieck-Katz conjecture in 
positive equicharacteristic 

As Corollarv l4.3| shows. the positive equicharacteristic version of the Grothendieck- 
Katz conjecture which requests a relatively stratified bundle to have finite mon- 
odromy group on the geometric generic fiber once it does on all closed fibers, does 
not hold in general. But one can still hope that it holds for a family of bundles 
coming from representations of the prime-to-p quotient of the etale fundamental 
group. In this section we follow Andre's approach [|Anl Theoreme 7.2.2] in the 
equicharacteristic zero case to show that this is indeed the case. 

Let k be an algebraically closed field of positive characteristic p. Let f :X ^ S 
be a smooth projective morphism of fc- varieties (in particular, integral ^-schemes). 
Let 7] be the generic point of S. In particular, Xfj is smooth (see HSGAll 
Defn 1.1]). 

Theorem 5.1. Let E be a locally free sheaf of rank r on X. Let us assume that 
there exists a dense subset U C S{k) such that for every s in U, there is a finite 
Galois etale covering Tts :Ys ^ Xs of Galois group of order prime-to- p such that 
7ts{Es) is trivial. 

1 ) Then there exists a finite Galois etale covering ;rf) : Ffj — > Xf^ of order prime- 
to-p such that Tt^Efj is a direct sum of line bundles. 
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2) Ifkis not algebraic over its prime field and U is open in S, then is etale 
trivializable on a finite etale cover — )■ Xf^ which factors as a Kummer 
(thus finite abelian of order prime to p) cover — )■ Yf^ and a Galois cover 
If) —^^77 of order prime to p. 

Proof. Without loss of generality, shrinking S if necessary, we may assume that 
5 is smooth. Moreover, by passing to a finite cover of S and replacing U by its 
inverse image, we can assume that / has a section o . S ^X. 

By assumption for every 5 G [/ there exists a finite etale Galois covering its : 
Ys —7- Xs with Galois group Ts of order prime-to-p and such that 71* Es is trivial. To 
these data one can associate a representation ps : 7t[ {Xs, (y{s)) — )■ Ts C GL, (fc) of 
the prime-to-p quotient of the etale fundamental group. 

By the Brauer-Feit version of Jordan's theorem (see HBFl Theorem]) there 
exist a constant j(r) such that contains an abelian normal subgroup As of index 
< j{r) (here we use assumption that the p-Sylow subgroup of F^ is trivial). 

For a fc-point 5 of 5 we have a homomorphism of specialization 

as : ni{Xf,,o{fj)) ni{Xs,o{s)), 

which induces an isomorphism of the prime-to-7? quotients of the etale funda- 
mental groups. 

So for every s eU we can define the composite morphism 

Ps : <'(X^, a(77)) ^ 7tf{Xs, a{s)) ^ F, ^ F,/A,. 

Let K be the kernel of the canonical homomorphism : 7ti{X,o{f})) — >7ti (S, f] ) , 
let RP be its maximal pro-/7'-quotient. Then by HSGAli Exp. XIII, Proposi- 
tion 4.3 and Exemples 4.4], one has Kp' = n{ {X^,o{f\)), the maximal pro-p'- 
quotient of K\ {Xf^ , C7 ( fj ) ) , and one has a short exact sequence 

{l}^<'(X,j,a(77))-^;rl(X,a(f)))^;ri(5,77)^{l}, 

where n[{X,o{f])) i?, defined as the push-out of ni{X,o{f\)) hy K ^ Rp' . 

Since X^ is proper, ni {Xf^ , a (fj ) ) is topologically finitely generated. Therefore 

Tl\ {Xfi,o{r\)) is also topologically finitely generated and hence it contains only 
finitely many subgroups of indices < j(r). Let G be the intersection of all such 

subgroups in {Xf^,o{r\)). It is a normal subgroup of finite index. Since ker(p5) 

is a normal subgroup of index < j{r) in {Xfi,o{r])) we have 
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Now let us consider the commutative diagram 

7ti{Xf„0{f})) >7tiiX, o{f})) >7ti{S,i)) ^{1} 

{1} > nf{Xf„a{fi)) > 7t[{X, a{fi)) >ni{S,ii) ^ {1} 

Then G- a*(;ri(5, f])) c 7r[{X,o{fi)) is a subgroup of finite index. It is open 
by the Nikolov-Segal theorem HNS I Theorem 1.1]. So the pre-image H of this 
subgroup under the quotient homomorphism ni {X, a(7])) — {X, (t(t])) defines 
a finite etale covering h:X' X. 

Let us take s E S{k). Since the composition 

H c 7ti{X,om ^ 7tiiX,o{s)) ^ 7ti{S,s) 

is surjective, the geometric fibres of X' — )■ 5 are connected. Let us choose a k- 
point in X' lying over a{s). By abuse of notation we call it (j'{s). Similarly, let 
us choose a geometric point (7'{fi) of lying over (y{fj). Then for any s eU we 
have the following commutative diagram: 



nf{x^yifi))^7tf{x^Mn)) — >7tf'{Xf^Mn))/G 

&{s)) a{s)) > r,/A, 

This diagram shows that ;rf (X^', a'{s)) Ts factors through As and hence E'^ = 
{h*E)s is trivialized by a finite etale Galois covering n's : — X^ with an abelian 
Galois group of order prime to p, which is a subgroup of Ay. Since 

and (;r^)*^y/ is a direct sum of torsion line bundles of orders prime to p, it follows 
that for every s E U the bundle E'^ is also a direct sum of torsion line bundles of 
order prime to p. 

We consider the union M{X' /S, r) of the components of Mp{X' /S) containing 
moduli points of numerically fiat bundles, as defined in Section[3l Let us consider 
the 5-morphism \j/ : M{X'/S, 1) ^M(X7S) given by ([Li], [L,]) -> [©L,] (in 
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fact we give it by this formula on the level of functors; existence of the morphism 
follows from the fact that moduli schemes corepresent these functors). The bundle 
E' gives us a section T : 5 — )■ M{X' / S,r), and by the above for every ^-rational 
point s of U , the point x{s) is contained in the image of i//. Therefore x{S) is 
contained in the image o^^f d&^f is projective (thus proper). 
Let us consider the fibre product 

M(X75, 1) >^^'- Xm{x'/s,-) S > S 

X 

Mix' IS, \Y^' ^ M(X75, r) 

Let us recall that in positive characteristic the canonical map M(X' xsS' /S', r) — )■ 
M{X' /S,r) xsS' need not be an isomorphism (although it is an isomorphism for 
r = 1). Anyway we can find an etale morphism S' — )■ 5 over some non-empty 
open subset of S, such that there exists a map u : 5' — )• M{X' XsS'/S', \)^s"' which 
composed with M{X' x 5 S'/S', 1 ) ^s"" ^ M(X' x 5 S'/S\ r) M{X'/S, r) gives the 
composition of S' — >■ 5 with T. This shows that the pull back E" of E' to X' x^S' 
has a filtration whose quotients are line bundles which are of degree on the 
fibres of X' xsS' — )■ S' . Now let us note the following lemma: 

Lemma 5.2. Let f : X ^ S be a projective morphism of k-varieties. Let — i- 
Gi ^ G ^ G2 ^ be a sequence of locally free sheaves on X. Assume that there 
exists a dense subset U C S{k) such that for each s E U this sequence splits after 
restricting to Xg. Then it splits on the fibre Xrj over the generic point rj ofS. 

Proof. By shrinking S if necessary, we may assume that S is affine and the relative 
cohomology sheaf p^Jifom{G2, Gi) is locally free. The above short exact se- 
quence defines a class A G Ext^{G2,Gi) ~ H^{S,R^f^J^om{G2,Gi)), such that 
A (5) = for every /^-rational point s of U . It follows that A = and hence the 
sequence is split over the generic point of S. □ 

Now let us note that on a smooth projective variety every short exact sequence 
of the form — t- Gi — t- G — t- G2 — > in which G is a direct sum of line bundles of 
degree and G2 is a line bundle of degree splits. So the filtration of E" restricted 
to the closed fibers splits. Therefore the above lemma and easy induction show 
that E'^, is a direct sum of line bundles, where rj' is the generic point of S'. This 
shows the first part of the theorem. 
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To prove the second part of the theorem, we may assume that U = S. Let us 
take a line bundle L on X such that for every ^-rational point s the line bundle Ly 
is etale trivializable. We need to prove that there exists a positive integer n prime 
to p and such that L®" ~ ^Xj^ . 

We thank the referee for showing us the following lemma. 

Lemma 5.3. Let g : A ^ S be an abelian scheme and let o be a section of g such 
that for all s G S{k), o{s) is torsion of order prime to p. Then o is torsion of order 
prime to p. 

Proof. We may assume that S is normal and affine. Let us choose a subfield k' Ck 
that is finitely generated and transcendental over Fp and such that A — t- 5 and a 
come by base change Spec k — )• Spec k' from an abelian scheme g' : A' ^ S' and 
a section o' defined over k'. Let m > 1 be prime to p and let F be the subgroup 
A'{S') n [m]"i(Z.a') of A'{S'). Then T is a finitely generated group. Note that 
assumptions of Neron's specialization theorem [O Chapter 9, Theorem 6.2] are 
satisfied and therefore there exists a Hilbert set E of points s' G S' for which the 
specialization map A'(5') A'^,{k{s')) is injective on P. Since the Hilbert subset 
E C 5' contains infinitely many closed points (see [|Ll Chapter 9, Theorems 5.1, 
5.2 and 4.2]), there is a closed point s E S the image of which in S' lies in E. The 
specialization of Z.cr at 5 is injective and hence o is torsion of order dividing the 
order of o{s), which is prime to p. □ 

Let us first assume that X — )• 5 is of relative dimension 1 . By passing to a finite 
cover of S we can assume that / has a section. The relative Picard scheme A = 
Pic^{X/S) —7- 5 is smooth. Using the above lemma to the section corresponding 
to the line bundle L we see that there exists some positive integer n prime to p and 
a line bundle M on 5 such that L®" ~ f*M. In particular, L®" ~ . 

Now we use induction on the relative dimension of / : X — )■ 5 to prove the the- 
orem in the general case. Note that our assumptions imply that Lfj is numerically 
flat and therefore the family {L'?"}neZ is bounded. Thus for any sufficiently ample 
divisor H on Xfj we have H^{Xf^,L!^'^{—H)) = for all integers n. We consider 
such an H which is defined over rj . 

Using Bertini's theorem we can find a very ample divisor Y C X in the linear 
system \H\ such that /ly : 7 — 5 is smooth (possibly after shrinking 5) and such 
that for every positive integer n we have H ^ {Xri , L®" {—Y)\y^)=0. Indeed, shrink- 
ing S and using semicontinuity of cohomology, we may assume that H is defined 
over S, that the function dim//^(Xs, (P'xXH)) is constant and S is affine. Let us 
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choose a ^-rational point s in S. Then by Grauert's theorem (see HHai Chapter III, 
Corollary 12.9]) the restriction map 

is surjective. By Bertini's theorem in the linear system \ffxs{^)\ there exists a 
smooth divisor. By the above we can lift it to a divisor Y cX, which after shrink- 
ing S is the required divisor. 

Applying our induction assumption to Lly on F — X we see that there exists 
a positive integer n prime to p such that (Lly)®" ~ i^y^. Using the short exact 
sequence 

^ L®"(-y^) ^ L®" ^ (L®")^ ^ 

we see that the map 

//0(X^,Lf)^//0(y„(Lr)^) 
is surjective. In particular, L®" has a section and hence it is trivial. □ 

Remarks 5.4. 1. Laszlo's example shows that the first part of the theorem is 
false if one does not assume that orders of the monodromy groups of Es are 
prime to p (in this example Efj is a stable rank 2 vector bundle). Note that in 
this example, E has even the richer structure of a relatively stratified bundle 
(see Proposition 1 1.3 1 ). 

2. Let £■ be a supersingular elliptic curve defined over k = ¥p. Let M be a 
line bundle of degree and of infinite order on E^^r-^. Then one can find 
a smooth curve S defined over k such that there exists a line bundle L on 
X = S Xj^E S such that ^ M. In this example the line bundle is 
torsion for every /:-rational point 5 of 5 as it is defined over a finite field. 
Since £ is a supersingular elliptic curve, there are no torsion line bundles of 
order divisible by p. So in this case all line bundles for s E S{k) are etale 
trivializable (and the monodromy group has order prime to p). 

This shows that the second part of Theorem 15. II is no longer true if k is an 
algebraic closure of a finite field. 

Let us keep the notation from the beginning of the section, i.e., k is an al- 
gebraically closed field of positive characteristic p and / : X — )■ 5 is a smooth 
projective morphism of ^-varieties (in particular connected) with geometrically 
connected fibers. For simplicity, we also assume that / has a section a : 5 — j- X. 
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Lemma 5.5. Let E be a locally free sheaf on X. If there exists a point sq G S{k) 
such that Esf^ is numerically fiat then Efj is also numerically flat. In particular, if 
there exists a point sq G S{k) such that there is a finite covering Tts^ : Ys^ — > Xsq 
such that 7t*^^{EsQ) is trivial, then Ef^ is also numerically fiat. 

Proof. Let us fix a relatively ample line bundle. If E^^^ is numerically flat then it is 
strongly semistable with numerically trivial Chern classes (see ||La2l Proposition 
5.1]). Since E is 5-flat, the restriction of E to any fiber has numerically trivial 
Chern classes (as intersection numbers remain constant on fibres). Now note that 
for any n the sheaf {F^ /k^*^SQ is slope semistable. Since slope semistability is 
an open property, it follows that {F^ /xy^^ slope semistable. By UHLl 

Corollary 1.3.8] it follows that {F^_^g)*Efi is also slope semistable. Thus Efj is 
strongly semistable with vanishing Chern classes and hence it is numerically flat 
by IILa2l Proposition 5.1]. □ 

Let us recall that numerically flat sheaves on a proper fc- variety Y form a Tan- 
nakian category. A rational point y E Y{k) neutralizes it. Thus we can define 
S-fundamental group scheme ofY at the point y (see IILa2l Definition 6.1]). For 
a numerically flat sheaf E on Y, we consider the Tannaka fc-group 7ts{{E),y) : = 
Aut'^{{E) ,y) C GL(£'v), where now (E) is the full tensor subcategory of numeri- 
cally flat bundles spanned by E. We call it the S-monodromy group scheme. Using 
this language we can reformulate Theorem l5.1l in the following way (for simplicity 
we reformulate only the second part of the theorem). 

Theorem 5.6. Let E be an S -fiat family of numerically fiat sheaves on the fi- 
bres of X ^ S. Let us assume that k is not algebraic over its prime field and 
there exists a non-empty open subset U C S{k) such that for every s in U, the S- 
monodromy group scheme 7ts{{Es),(7{s)) is finite etale of order prime-to-p. Then 
7ts{{Eff),o{f})) is also finite etale. 

6 Verschiebung divisible points on abelian varieties: 
on the theorem by M. Raynaud 

Let K be an arbitrary field of positive characteristic p and let A be an abelian vari- 
ety defined over K. The multiplication by p" map [p"] : A — )■ A factors through the 
relative Frobenius morphism F^^^ : A — > A*^") and hence defines the Verschiebung 

morphism V" : A^") -> A such that ^ = [p"]. 



23 



Definition 6.1. A A'-point P of A is said to be V-divisible if for every positive 
integer n there exists a ^-point in A^"^ such that V"{Pn) = P. 

Let T be an integral noetherian separated scheme of dimension 1 with field 
of rational functions K. Let us recall that a smooth, separated group scheme of 
finite type ^ T is called a Neron model of A if the general fiber of ^ — T is 
isomorphic to A and for every smooth morphism X — t- T, a morphism Xk s^k 
extends (then uniquely) to a T-morphism X — )■ . 

Assume that the base field K is the function field of a normal projective variety 
S defined over a field k of positive characteristic p. 

We say that A has a good reduction at a codimension 1 point 5 G 5 if the 
Neron model of A over Spec G's.s is an abelian scheme (the usual definition is 
slightly different as it assumes that the identity component of the special fibre of 
the Neron model is an abelian variety; it is equivalent to the above one by HBLRi 
7.4, Theorem 5]). We say that A has potential good reduction at a codimension 
1 point 5 G 5 if there exists a finite Galois extension K' of K such that if 5"' is the 
normalization of S in K' then Af^i has good reduction at every codimension 1 point 
s' G S' lying over s. 

We say that A has (potential) good reduction if it has (potential) good reduction 
at every codimension 1 point of S. Assume that A has good reduction at every 
codimension 1 point of S. Then there exists a big open subset U C S (i.e., the 
codimension of the complement of f/ in 5 is > 2) and an abelian U -scheme ^ — )■ 
U. Note that the group A{K) of ^-points of A is isomorphic via the restriction 
map to the group of rational sections U £/ of £/ U defined over some big 
open subset of U . The section corresponding to P G A{K) will be denoted by 
P:U --^ ^. 

Let c G PicA be a class of a line bundle L. By the theorem of the cube c, 
satisfies the following equality: 

'^123'^ ~ mi2C — tnl^c — m2^c + m\c + ni^c + m%,c = 0, 

where mj for / C {1,2,3} is the map A xkA xkA ^ A defined by addition over 
the factors in /. (In particular, m,- is the z-th projection). Combining UMBl Chapter 
III, 3.1] (relying on [|MB[ Chapter II, Proposition 1.2.1]), the line bundle L G 
Pic (A) extends uniquely (at least if we fix a rigidification) to a line bundle L over 
such that the class c = [L] G Pic (M') is cubical, i.e., satisfies the relation 

^^123^ ~ '^12^ ~ '^13^ ~ '^23^ + m^c + + m^c = 0, 
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where V CU is a big open subset and where rhj for / C { 1 , 2, 3} is the map x 5 
£/ xs£^ £^ defined by addition over the factors in /. 

Now let us choose an ample line bundle H on S. Then the map he : A[K) — )■ Z 
given by 

A,(P)=deg^(P-0)*c 

is well defined as P is defined on a big open subset of S and P*L extends to a 
rank 1 reflexive sheaf on S. This map is the canonical (Neron-Tate) height of A 
corresponding to c (see UMBi Chapter III, Section 3]). 

The following theorem was suggested to the authors by M. Raynaud (in the 
good reduction case over a curve 5, and with a somewhat different proof). 

Theorem 6.2. Assume that A has potential good reduction. If P & ^{K) is V- 
divisible and c is symmetric then hc{P) = 0. 

Proof. Let us first assume that A has good reduction. By assumption there exists 
a ^-point Pn of A^") such that V"{P„) = P. Since ^ U is an abelian scheme, 
so is =5/(") U, thus P„ is the restriction to SpccK of P„ e ^^"\U). 

Let us factor the absolute Frobenius morphism into the composition of 
the relative Frobenius morphism F^^^^ : A — > A^") and : A^"^ — A. Let us set 

(n) 

c„ = W*c. Its cubical extension c„ G Pic(,c/y._ '), for some big open y„ C U, 
together with H allows one to define hc„ {Pn) by the corresponding formula. Since 
{F^)*c = p"c, we have {P'^jj^Tcn = p"c. On the other hand, since c is symmetric, 

we have [p'^]*c = p^"c and hence (^j'/^)*((V")*c) = p^"c. Therefore 

{F2/Kr{{vrc-p"cn)=o. 

Since F^^^ is an isogeny this implies that the class d = {V")*c — p"Cn is torsion. 
By additivity and functoriality of the canonical height (see [ISel Theorem, p. 35]) 
we have 

hciP) = h^v-rdPn) = hp"c„ {Pn) + h{Pn) = f " K {Pn) 

(note that additivity implies that h^^d = mh^, so since md = for some m, we get 
hd = 0). Therefore if hc{P) 7^ then \hc{P) \ > p" and we get a contradiction if n 
is sufficiently large. 

Now let us consider the general case. Since there exist only finitely many 
codimension 1 points s E S at which A has bad reduction, one can find a finite 
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Galois extension K' of K such that if S' is the normalization of S in K' then A/^/ 
has good reduction at every codimension 1 point s' E S' . On the other hand, if 
P e A{K) is V-divisible on A, P(S)K' e A{K') is V divisible on A^'. Then by the 
above we have hn*c{P') = and functoriality of the canonical height implies that 
hc{P)=Q- □ 



Remark 63. It is an interesting problem whether Theorem 16.21 holds for an ar- 
bitrary abelian variety A/K. Its proof shows that one can use the semiabelian 
reduction theorem to reduce the general statement to the case when A has semia- 
belian reduction (see HBLRi 7.4, Theorem 1]). 

Now assume that S is geometrically connected. Then the extension k C K h 
regular (i.e., K/kh separable and k is algebraically closed in K). Let (5, t) be the 
K/k-ixdiCe of the abelian ^-variety A, where B is an abelian fc-variety and x :Bk^ 
A is a homomorphism of abelian ^-varieties (it exists by HCoi Theorem 6.2]). Let 
us recall that by definition (5, t) is a final object in the category of pairs consisting 
of an abelian ^-variety and a ^-map from the scalar A'-extension of this variety to 
A. 

Since the extension k C Kh regular, the kernel ^-group scheme of T is con- 
nected (with connected dual) ( HCoi Theorem 6.12]). Therefore T is injective on 
^-points and in particular we can treat B{k) as a subgroup of A{K). 

Corollary 6.4. Assume that A has potential good reduction. If P E A{K) is 
V-divisible then [P] G {A{K)/B{k))iois- In particular, ifk is algebraically closed 
then P e B{k) +A{K)iors C A{K). 

Proof. We can choose the class c G Pic (A) so that it is ample and symmetric. Then 
the first part of the corollary follows from Theorem 16.21 and HCol Theorem 9.15] 
(which is true for regular extensions K/k). 

To prove the second part take positive integer m such that mP = Q E B{k). 
Since k is algebraically closed, the set B{k) is divisible and there exists Q' G B{k) 
such that mQ' = Q. Then P = Q' + {P-Q'), where m{P - Q') =0. □ 

Let us assume that the field k is algebraically closed. It is an interesting ques- 
tion whether a V-divisible A'-point P of A can be written as a sum of Q+R, where 
Q G B{k) and R G A(^)tors is torsion of order prime-to-p. 

By the Lang-Neron theorem ([[Col Theorem 2.1]), the groups A'^'\K) /B^\k) 
are finitely generated. It follows that the groups G,- = {A^^\K) / B^^ {k)) 

tors <irc 

finite. 



26 



Note that the homomorphism B{k) — )• B^'\k) induced by F^^^ is a bijection. 
One has a factorization Fj^^ : A{K^/p') A^'\k) ^A^'\K^/p'), inducing a bi- 
jection A (i^^/^') -^A^'\K). Thus in particular, 

Fi:A{K)/B{k)^A^'\K)/B^'\k) 

is injective. 

Moreover, the Verschiebung morphism induces the homomorphisms 

Vi:A^'\K)/B^'\k) ^A{K)/B{k) 

such that VjFj = p' and F/V, = p\ This shows that prime-to-p torsion subgroups of 
groups Gi are isomorphic and in particular have the same order m. 

Now let us assume that orders of the p-primary torsion subgroups of the 
abelian groups G, are uniformly bounded by some p^. Then for all i > e 

F,{m[P]) = F,{Vi{m[P,])) = p'm[P,] = 0. 

This implies that m[P] = 0, so mP E B{k). Now B{k) is a divisible group so there 
exists some Q' E B{k) such that mP = mQ. Then R = P — Q E A{K) is torsion of 
order prime to 77. So we conclude 

Lemma 6.5. If the order of the G, is bounded as i goes to infinity, under the 
assumption the Theorem \6.2\ there exists a positive integer m, prime to p and such 
that m-Pi E B{k) for every integer i. 

Note that the above assumption on G/ is satisfied, e.g., if A is an elliptic curve 
over the function field ^ of a smooth curve over k = k. If A is isotrivial then the 
assertion is clear. If A is not isotrivial then the j-invariant of A is transcendental 
over k. In this case A (^P'^'^^) tors is finite (see IlLell ) so orders of the groups G, = 
tors uniformly bounded. 

7 Stratified bundles 

In this section we use the height estimate of the previous section and the fact 
that torsion stratified line bundles on a perfect field have order prime to p (apply 
Proposition 12. 21 together with Lemma [TTTI) . 

Let k be an algebraically closed field of positive characteristic p. Let f : X ^ 
5 be a smooth projective morphism of /^-varieties with geometrically connected 
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fibres. Assume that S is projective, which surely is a very strong assumption. 
Indeed, if k ^ ¥p , and in the statement of Theorem 17.11 S' is open, then one 
obtains the stronger Theorem 17.21 For simplicity, let us also assume that / has 
a section o . S ^ X. Consider the torsion component Pic^(X/5') — t- 5 of identity 
of Pic {X /S) S. Let (p„ : Pic {X /S) Pic {X /S) be the multiplication by n map. 
Then there exists an open subgroup scheme Pic^(X/S) of Pic(X/5) such that 
every geometric point * of 5 the fibre of Pic ^ over s is the union 

U9,7HPic'^(X.)), 

n>0 

where Pic^(Xv) is the connected component of the identity of Pic (Xs/s). It is well 
known that Pic ^ (X /5) S is also a closed subgroup scheme of Pic (X/S). More- 
over, the morphism Pic {X /S) — )■ 5 is projective and the formation of Pic {X /S) — )■ 
S commutes with a base change of S (see, e.g., llKll Theorem 6.16 and Exercise 
6.18]). 

We assume that Pic*^(Xy) is reduced for every point s e S. 

Theorem 7.1. Let L = {L,,a,} be a relatively stratified line bundle on X/S. 
Assume that there exists a dense subset S' C S{k) such that for every s E S' the 
stratified bundle = L,\x, has finite monodromy. Then Lj^ has finite monodromy. 

Proof. Replacing L by a power L*^^, where A^^ is sufficiently large, we may as- 
sume that hs e Pic^(X^) for all closed points 5 in 5 (see [[Kll Corollary 6.17]). 

By assumption ft : £^ = Pic''(X/5) —t- 5 is an abelian scheme. Let us consider 
the dual abelian scheme £/ ^ S. We have a well defined Albanese morphism 
g : (X,a) —J- e) (see HFGAi Expose VI, Theoreme 3.3]). Moreover, the map 
g* : Pic '^(=2/ /S) £^ = Pic*^(X/5) is an isomorphism of 5-schemes. Let us set 

.A, ^ 

A = £^j^. 

Let Pi be the ^-point of A*^') corresponding to (L/)rj. Note that the ^-point 
Po G ^ is V-divisible. Indeed, by the definition of a relative stratification we have 
y"(i'„) = Pq for all integers n. Similarly, we see that all the points Pi G A^^{K) 
are V-divisible. By Corollary [631 it follows that Pi G B^'^ik) +a(')(A') 

tors? where 

{Bjk.x: Bk^A) is the K/k-tmce of A (note that {B'^'^ /k,T^''^) is the i^/;t-trace 
of A^')). So for every z > we can write Pi = Qi + Ri for some Qi G B^^\k) and 
RieA('\K),^,,. 

Now we transpose the above by duality. Let A be the dual abelian ^-variety of 
A and B the dual abelian fc- variety of B. We have the K/k-ima.ges r^'^ : a1'^ — B^^^ 
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and an S-morphism x : B Xj^S (possibly after shrinking S). By abuse of no- 
tation we can treat L,- as line bundles on ^ because g* : Pic^(^ /S) ^ Pic*^(Z/S) 
is an isomorphism. Let M, be the line bundle on B^'^ corresponding to Qi and 
let Tti : B^'^ Xj^S ^ B^'^ denote the projection. Let us fix a non-negative inte- 
ger i and take a positive integer such that njRi = 0. Then the line bundle 
L®"' (g) T*7t*Mf^'" has degree on every fiber ofs^^S. Thus it is trivial after 
restriction to £/ri ■ Hence after shrinking S we can assume that L®"' ~ x*K*Mf"' . 
Let us fix a point s ES{k) and consider the morphism 

Note that T^'^ has connected fibres and hence (;r/)*^^(,) = ^g{i). By assumption 
there exists a positive integer a^, such that for every i the order of the line bundle 
(Li)^^ divides a.?. The important point is that as is prime to p. 
Therefore (;r/)*Mf"'"' ~ and by the projection formula 

Mf«'"' ~ (;r;)*(;r;)*Mf"^"' - (^/)*^a, ^ ^b- 
This implies that M, is a torsion line bundle and hence Qi G A(')(^)tors- Therefore 

Pi = Qi+RieA^'\K)iors. 

Let us recall that the set of p-torsion points of A{K) is finite. Assuming it is 
not empty, we can therefore find a non-empty open subset U C S such that for 
every s EU{k) and every /^-torsion point T G A{K) the section f is defined on U 
and the point f{s) is non-zero. 

Let us write the order of Pi as mip^', where m,- is not divisible by p. If eo ^ 1 
then the point mo/?'^"^^/'o is p-torsion in A{K). If we take s G S' r]U{k), then 
asmop''^^^Po{s) = [Lq = 0, a contradiction. It follows that moPo = 0. Simi- 
larly, the order of all Pi is prime to p. 

As already mentioned in the last section, the homomorphism — )■ 
A^'\K) induced by F^^^^ is a bijection. So we have an induced injection 

Fi:A{K) ^a'^'\k). 
On the other hand, the Verschiebung morphism induces homomorphisms 

Vi-.A'^'^K) ^A{K) 
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such that ViFi{P) = p'P and FiVi{Q) = p'Q for all P e A{K) and Q e A^'\K). 
Hence 

p'moPi = F,V,{moP,) = F,{moPo) = 

and since the order of Pi is prime to p we have moPi = for all z > 0. Therefore 
(L/)?"™" ^ ^Xf5 for all i and the stratified line bundle hfj has finite monodromy. □ 

Now we fix the following notation: k is an algebraically closed field of positive 
characteristic p and / : X — )■ 5 is a smooth projective morphism of ^-varieties with 
geometrically connected fibres. 

Theorem 7.2. Let E = {£■,■, c,} be a relatively stratified bundle onX/S. Assume 
that there exists a dense subset U G S{k) such that for every s E U the stratified 
bundle = E|x^ has finite monodromy of order prime to p. 

1 ) Then there exists a finite Galois etale covering Ttfj :Yfi ^ Xfj of order prime- 
to-p such that TT* Ef^ is a direct sum of stratified line bundles. 

2) Ifk 7^ ¥p and U is open in S{k), then the monodromy group o/Ej^ is finite, 
and Kfj trivializes on a finite etale cover Zfj — Xfj which factors as a Rum- 
mer (thus finite abelian of order prime to p) cover Zfj — > Yfi and a Galois 
cover Ffj — >■ Xfj of order prime to p. 

Proof. We prove 1). Let us first remark that the schemes X^\ i > 0, are all iso- 
morphic (as schemes, not as /^-schemes). Therefore the relative Frobenius induces 
an isomorphism on fundamental groups. 

By the first part of Theorem 15.11 we know that there exists a finite Galois 
etale covering Ki : Yfij — )■ X^^ of degree prime to p such that 7t*{Ei) is a direct 
sum of line bundles ®\Lij. Note that from the proof of Theorem 15. II the degree 

of Ki depends only on {X^\o^'\fj)) and the Brauer-Feit constant j{r), and 
therefore it can be bounded independently of i. Using the Lang-Serre theorem 

(see ULSi Theoreme 4]) we can therefore assume that Yfi^i = Y^'\ where Yff = Yfjfi. 
Now we know that 

By the Krull-Schmidt theorem, the set of isomorphism classes of line bundles 
{Lij}j is the same as the set of isomorphism classes of lines bundles which come 
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by pull-back { (F' _ ) * (L,- , j ,/ ) } ,/ . So we can reorder the indices / so that 

(P,„^_)-(L,.,„)^i,, 

This finishes the proof of 1). 

To prove 2), we do the proof 1) replacing Yfi Xfj by Zfj — Xf) of Theorem l5.ll 
2). This finishes the proof of 2). 

□ 

Remarks 7.3. 1) Case 2) of Theorem 17 .21 applied to a line bundle extends The- 
orem 17. ll where S was assumed to be projective, Pic*^(X5) reduced for all 
5 e 5 closed, S' C S{k) dense, to the case when S is not necessarily pro- 
jective and S' C S{k) is open and dense, but we have to assume that k is 
uncountable. 

2) If Yfi has a good projective model satisfying assumptions of Theorem 17.11 
then it follows that Efj has finite monodromy. 
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